SUSY LATTICE VERTEX ALGEBRAS 
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Abstract. We construct and study SUSY lattice vertex algebras. As a simple 
example, we obtain the simple vertex algebra associated to the vertex algebra 
Vc{N3) of central charge c = 3/2, as the SUSY lattice vertex algebra associated 
to Z with bilinear form (a, b) = 2ab. 



1. Introduction 

In our recent paper |HK07| we devcloppcd a A-bracket formalism for Nk = N 
supcrsymmctric (SUSY) vertex algebras, which greatly simplifies calculations with 
quantum supcrficlds. Recall [Kac96| that a vertex algebra V is called Nk ~ N 
supcrsymmctric if there exist N odd operators S"*, satisfying [S**, S^] ~ 2dijT, where 
T is the translation operator, such that 

[S\Y{a,z)] = Y{S'a,z) 

for any state a G V. The presence of the operators 5* allows one to introduce 
superfields, and in [HKOT] we use the A-bracket formalism to perform computations 
with them. 

In the present note we study Nk = 1 SUSY lattice vertex algebras Vq"^", 
associated to an integral lattice Q. We give a simple characterization of these 
SUSY vertex algebras, similar to that of "ordinary" lattice vertex algebas |Kac96j . 
and prove that, as ordinary vertex algebras, 

(1.1) v^7"c.yQ®F(n(,), 

where Vq is the "ordinary" lattice vertex algebra, associated to Q, and F(nt)) is 
the vertex algebra of free fcrmions. based on the space f) = C Q with reversed 
parity. 

We prove the existence of a canonical iV 1 conformal structure for any Vq 
Moreover, for each skewsymmetric operator Aont) such that = 1, wc construct 
on V^P*"^ an TV = 2 conformal structure, and for each triple of such operators A^, 
i = 1,2,3, such that A^A^ = ^/—ISijkA^ for i ^ j (cr- matrices), we construct on 
y^uper ^ ajj^^jg,, iV = 4 couformal structure. 

We write down the characters and supercharacters for all irreducible V^'^'^'^- 
modules and show that they span an 5'L2(^)-iiivariant finite-dimensional space of 
functions, holomorphic on the upper-half plane. 

One of the simplest examples of Vq^°', when Q = Z with the bilinear form 
(a, 6) = 2a6, turns out to be isomorphic to the simple vertex algebra associated 
to the = 3 superconfomral algebra V3/2(-V3) with central charge c — 3/2. This 
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result elucidates the classification on unitary representations of the N = 3 super- 
conformal algebra at c = 3/2, obtained in |SS87j . 

Note also that this result shows that the vertex algebra ^3/2(^3) is rational (and 
even semisimple). To the best of our knowledge, this is the only known non-zero 
value of c (i.e. c ~ 3/2), for which Vc{N3) is a rational vertex algebra. 

Throghout the paper, we use the notation and terminology of our paper [HK07| 
without further notice. 

2. Existence and Uniqueness 

Let Q be an integral lattice of rank r with a non-degenerate symmetric bilinear 
form (•,•). Let W = HC^zQ be the associated complex vector space with reversed 
parity. Extend (•, •) to by bilinearity. We have the Nk = 1 SUSY vertex algebra 
y^(M^) as in |HK07( Example 5.9], that is, the vertex algebra generated by odd 
supcrficlds a € W satisfying the Lambda-brackets: 

(2.1) [aj,f3] = {a,f3)x. 

Let Ce[(5] be the group algebra of Q, twisted by the -valued 2-cocyclc e, that is 
the unital associative algebra generated by symbols e", a € Q, with multiplication 
rules: 

e"e'^ =e(a,/3)e"+'^. 

We will construct an Nk = 1 SUSY vertex algebra structure on the vector space 
V^'^'^' 1^"'^(W^) ®c Ce[(5] such that we have the Lambda brackets (|2.ip and 

(2.2) [ay] = (a,(3)e^. 

Equation (|2.2p corresponds to the following. For each h £ W, j E and J = 0, 1; 
we have the operators on V^^(M^). We extend these operators to Vq^" by: 

hu\J) is ® e") = hjij){s) (g> e", U\J) ^ (0|0), 
h{o\o) {s <E) e") ^ {h, a)s (g) e". 

Note that this preserves the commutation relations between the operators 
therefore we still have 

[hji'] = {h, h')x, h, h' e w. 

Let e" denote the operator of multiplication by 1 (X) e" on Vq then it is easy 
to check that 

[/i(,V),e"]=0, {j\J)^m, 

[h{o\o),e°'] = (/i,a)e". 

From these commutation relations, and denoting by the super-field correspond- 
ing to 1 (X) e" for a £ Q, we obtain the Lambda bracket as in (|2.2p : 

(2.3) [h^r^]^{h,a)r^. 

This in turn gives: 

[/i(,v),r4z)] = i-iy{h,a)Z'^''r^{z). 
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Lemma 2.1. This last formula implies 

r„(Z) = e"(^l + J2 exp J2 ^"010) 

■■ "0|0) ) AaiZ), 

for some operators Aa{Z) on Vq^^"^ commuting with all h(^j\jy 
Proof. Let 

X„ - exp I ^ ^«b|0) I f 1 - E ^"'"'""blD I (e")"'ra(^)) 
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For O'l J) = (0|0) we have 



X (-(/i,a))(e")-ir«(Z)exp I ^^-i^a(,|o) 

\j>o ^ 

\j<o / \ jez 

X (e")-i(/i,a)r„(Z)exp ^ =0. 

The other cases are similar (somewhat long) computations. □ 

As a corollary, note that 

V/i e W, /i(o|o)^a(^)s «) e'^ = (/i, /3)Aa(Z)s (g) e'', 

therefore we must have Aa{Z)s ® = aa,p{Z)s ® for some a^,/? £ C{{Z)). In 
particular we see that^a(Z)|0) = \0) +9da\0) + 0{Z), where 0{Z) denotes a power 
series which is a multiple of z, and da is an odd constant if we use a Grassmann 
algebra L as our base ring for the vertex algebra Vq instead of C. 
Applying Ta{Z) to the vacuum vector we obtain then: 

(2.4) 1 ® e" + e {da{l ® e") + a(_i|i) ® e") + 0(z). 

Now recall from |HK07[ Thm 4.16 (3)] that on Vq p""' we must have Y{Sa, Z) = 
DzY{a, Z), where Dz = {dg + Odz), therefore we obtain the identity: 

DzTaiZ) = rf„r„(Z)+ : a(Z)r„(Z) : 
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Replacing Ta{Z) by its expression from Lemma |2. II in this last equation, we obtain 
a differential equation for Aa- Indeed, note that: 

(2.5) deT^iZ) - e« I ^ Z-'-^^^a^,^,^ ) ^xp I - ^^«W|o) I x 

X exp I - ^ ^^-^"010) I ^a(^) + I 1 + XI 
\ 3>o ) \ iez 

X exp - X — — "0|o) - X] — '■ — "Olo) deAa{Z), 



and similarly 



(2.6) 9d,T^{Z) - e" I X ^^'"'""0|o) ] ^xp [ - ^ ^"^"Olo) I x 

^'^P I ^ X — ■ — "^"(^) + e"cxp - X — — "(iio) I X 
]>o J \ i<o ^ 

X^"^"^'^"(j|o)j cxp A„(Z) + 

/ ^-j|o \ / Z^-'l" \ 
+ e"exp -J2——o^im cxp -X~~"Olo) &d,Aa{Z). 
\ j<o ■' J \ j>o ■' J 

Combining these last two expressions and recalling the definition of a- {Z) in [HK07[ 
3.2.4] we obtain after canceling the exponentials: 

DzA^{Z) - do,A^{Z) + Z-i|ia(o|o)A„(^). 

Multiplying both sides of this equation by z-"(oio) and defining Ba{Z) = Aa{Z)z~°'(«m , 
we obtain the diferential equation: 

DzBc,{Z)=d„B^{Z). 

All of its solutions are of the form Ba = Cq(1 +9da) for some even constant Cq. It 
follows from (|2.4p that Cq = 1 for all a e Q, therefore we arrive at the expression: 

(2.7) r„(Z) =: e"Z"(°i")l" 1 + + X 

X exp I - X ^—"010) I cxp [ - X "blo) 

Remark 2.2. Note that the lattice has to be integral, otherwise this expression 
would not be a well defined superfield. 
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Remark 2.3. It is convenient to write Ta in a "normally ordered" form: 



(2.8) r„(Z) = e"Z"(°i»)l" (l + cxp | ^ 



X 



Remark 2.4. Note that from (^3)) and ([^ it follows that 

(2.9) [de - ed,)T,,{z, 9) = d^T^{z, 9)+ : a(z, -9)r^{z, 9) : . 

We need to check the axioms of an Nk = 1 SUSY vertex algebra. First let's 
check translation invariance. Note that we already know 

5(1 (g, e") = d„(l ® e") + a(_i|i) ® e". 

We must have then: 

S{s ® e") = S{s) ® e" + (-I)p(^) (s (g 1) (d„(l ® e") + ® e") . 

We need to check translation invariance for the fields Va{Z)- For this we first 
note (recall e" is the operator of multipHcation by 1 (g) e" on Vq''^'^): 

[S, e"](s ® ef) = e(a, P)S{s ® e"+^)- 

- e" (S(s) ®e" + {-\Y^'\s ® l){dp{\ ® ef^) + /3(_i|i) ® e^)) = 

= e{a, f3) (^(s) ® e"+'' + (-1)p(^)(s (g, l){d^+f3{l ® e"+'') + (a + /3)(_i|i) ® 6"+^^)) 

- e(a, P) (^(s) (g 6"+^^ + (-l)P(*'(s ® l)(rf/3(l ® e"+'3) + (g e"+'=')) - 

= e{a, /3)(-l)f (^)s - + a(_i|i)) ® e"+^. 

Letting Ba{e^) := da+pc^, we can write this as (note that the sign (— 1)p('') is 
accounted for since Ba and q;(_i|i) are odd operators): 

[5,e"]=e"(a(_i|i)+B„-Bo). 

Note also that [S, z°'(°i°'>] 0. Indeed: 



= 0. 
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Now we can compute [S, Ta (Z)] . 



[S, r„(Z)] = e" (a(_i|i) + B„ - Bo) (l + Z^^'d^) ^ + ^"'"'"«0H) j 

X exp I - ^ ^— "(jlo) I exp I - ^ "0|o) ] ( 1 + I] ^"'"'''"Oli) 

\ j<o ■' / V j>o /V j>0 



|0) 



X 



X exp I - ^ ^—"010) I exp ( - ^ "Q|o) I ( 1 + I] ^ ' 



"'""OH) I X 



X I ^ Z ^l°aQ_i|i) I cxp 1 - ^ ^—"010) I exp [ - ^ "b|o) I x 

X I I +e"Z"("i»)lo(l + ZO|irf„) I 1 + ^ Z-^-^l V(,|i) I x 

X exp I - ^ ^— "0|o) I exp [ - X! "0|o) ] ( ^"^"''^"Olo) 

where we used (4.6.1) of |HK07j . 

We can commute the operators to the left using 

to obtain: 

[5, r,(z, e)] = {Bo - B_„)r„(z, 0)+ -. a(z, -0)r,(z, 0) :, 



and comparing with (|2.9p wc obtain that translation invariance for the operators 
Ta{Z) holds if and only if 

Bq — B^a ~ da, 

and this in turn holds iff da is additive in a G Q. From now on, we will assume for 
simplicity that our ring of scalars is C, therefore da = for all a £ Q. 



SUSY LATTICE VERTEX ALGEBRAS 



7 



We are left only to check locality between the operators TaiZ). Note first that 

j>0 J \ j<0 J 



X 



j<o / y i>o 

Using standard computations we find: 

(2.f0) r„(Z)r^(M/)=e(a, (2 -H^"'''^ f 1 - 

\ z — w 

where 

xexp - 2^ + — — /3j|o exp - -^ai^^\o) + ——Pu\o) 

\ j<0 ■' J \ j>0 ■' 

X exp |5]Z-i-^Ha(,|i) + W^-i-^l%H) 
Vj>o 

And finally note that we can rewrite (|2.f Op as: 

(2.f f ) T^{Z)Tp{W) = e{a, P)i,,^{z -w- ecY"'^^r^,p{Z, W), 

and 

(2.f2) rp{W)T^{Z) = (-l)("'«£(/3, a)i^^,{z -w- 0O^''^^^r^j{Z, W). 

Therefore we are in the same position as in the non-SUSY case. Namely, we need 
to declare the parity of to be the parity of (a, a), and locality holds if and only 
if: 

(2.13) e{a, (i) = (_i)("./3)+(".")(/3,/3)£(^^ 

Using Lemma 4.2 in [HK07| . we find: 
(2.14) 

'0, (a,/?)>0 
^e{a, P) (Z?[^^-("'^^I^)<5(Z, W)) T^.^Z, lU), (a, P) < 0. 

Example 2.5. Let Q = Z with the generator a = 1 and the usual bilinear form 
(a, a) = 1. Let VJ"'"^'^ be the corresponding Nk ~ 1 SUSY lattice vertex algebra, 
where we put s = I. Then we have 

[r„(z),r_„(M^)] = -{Dw6)r 

a, — a 

(z, w) 

= {Dz6)Ta.-aiZ,W) 
(2.15) = Dz{6Ta,-aiZ, W)) + 5DzTa,-aiZ, W) 

= Dzi6T^,^^(W, W)) + &DzT^,^^{Z, W)\z=w 

= —{Dw5)Ta-a{W, W) + 5Dz ^ a, — Q 

{Z, W)\z=w- 



[T^{Z),Tp{W)] 
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and noting that ra,-a{W,W) = 1, DzTa.-a{Z, W)\z=w = Oi{W), we obtain: 

(2.16) [r„(Z), r_,(M^)] = -DwSiZ, W) + 6{Z, W)a{W). 
Therefore we have: 

(2.17) [e%e-"]=a + x. 

Expanding the fields r±ct(Z) = 4'^{z) + 9ip^{z), where are odd and are 
even, and the field a{Z) = ip'^{z) + 9a{z), where -0*^ is odd and a is even, we obtain 
the following lambda brackets: 

[V-^V"] = 1, [axa] = A, = iV'^, 

(2.18) [^o^^±]=0, [^^v'*] =±V±, [ax^^]=±^^, 
[^+^ij-] = l, =±0°, [^+^ip~]^a + X, 

and all other brackets are zero (except the ones given by skew-symmetry). We 
recognize these lambda brackets as the commutation relations of the generators of 

(s[2, super)- 

On the other hand, let us consider the algebra generated by the three fermions 
tp'^^ip^ with commutation relations: 

(2.19) [0%V°] = 1, [V'+A^"] = 1. 

This is the tensor product of a free fermion with the usual lattice vertex algebra 
Vz. Define the following fields: 

(2.20) a =: V'+V'" = ± : V'V'^ : 

It is straightforward to check that the commutation relations (|2.18p are satisfied by 
the fields a, t^''^, ■(/'° and tp"^. 

Define the following fields in this algebra of three free fermions: 

G=:: V+V-" 

2L ==: (TV'")V'° : + : (: ■){■ V'+V'" : ■ 

We claim that these fields generate a Neveu Shwarz algebra of central charge 3/2. 
Indeed this is the usual = 1 structure of the boson fermion system, for the boson 
: ip~^Tp~ : and the fermion i/'". We know that ip'^ is primary of conformal weight 1/2 
with respect to this Virasoro, and finally, we find: 

[^'+^2^] = - : V-^ : ^^tp" ■■■■ - ■■■■ lA+V'" -.^^ ( ip'^ 

Jo 

= (A-T)0+, 

hence (and similarly ip~) arc primary of conformal weight 1/2. 

As with any vertex algebra with a super conformal vector, we can construct a 
SUSY VA following |HK07| . To compute the corresponding superfields, we need to 
compute [Gx^p^] and [GaV'°]- We find easily [ipiG] =: V+V-" : and [^p^ ),G] ^ T ■ 
tp^ip^ :. Therefore the superfields are: 

a{Z) := ij°{z) + 6 : ^+(z)^-(z) :, r±(Z) = ?A±(z) ± 9 : ?/;°(z)^±(z) :, 

and these super-fields satisfy the Lambda brackets of the superfields a(Z) and 
T±a{Z) computed above. 
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3. CONFORMAL STRUCTURE 

Following |HK07| Ex. 5.8] wc define: 

(3.1) G = {Sa^)a' : 

i 

where {a.i} and {a*} are dual bases of W. Wc know from |HK07i Ex. 5.8] that 
this is a Nevcu-Schwarz vector with central charge c = IdimM^ on y^(VF), and 
that all superfields h{Z),h £ W arc primary of conformal weight 1/2. From (|2.3p 
we obtain [Fa^/i] = {—l)^"'°''>{h,a)Ta (recall that h is always odd in our setting, 
while the parity of Fq is the parity of (a, a)). Therefore wc can compute using the 
non-commutative Wick formula: 

[r^AG] = ■■ ((x + ^)r«)a' :+;^(-l)("'")(a^a) : {Sa,)r^ : - 

(-1)("'")(77-X)(a.,a)(a\a)ra 

= - : {ST^)a : -x : F„a : +(~1)("'") : (5a)F„ : -(-l)("'")A(a, a)F„, 

and recalling that : a{Z)ra{Z) := DzTa{Z) we see immediately that : aSTa ■— 
(cf. Appendix [X)) . Using 

: F„a : = (-1)(«'") : aF„ :, 

: {ST^)a : = -(-1)(".«) : aST^ : + T x{~lY"'''\a,a)r^ 

= -(-!)("■") : aSTo, : +(-l)("'")(a, a)TF„ 
= (-l)("'")(a,a)TF„, 

we obtain 

[F^^G] - (-1)("^") (: {Sa)T^ : ^xST^ - (a, a)(A + T)F„) . 

Therefore: 

[G^Fq] =: {Sa)ra ■ + ■ aSTa ■ +{x + S)STa + {a, a)Xra 
= i2T+ia,a)X + xS)T^. 

Hence Fq, is a primary field of conformal weight {a,a)/2 with respect to G. Note 
that this last equation together with the fact that G is a conformal vector on 
y^(V[^) imply that G is a conformal vector on V^^". Indeed, the commutation 
relation of G with itself is not changed (as it involves only fields from the subalgebra 
y^(M^) C Vq'^''') and from this last equation we can easily show that G(o|i) = S 
on V^"P". 

When r is even, we can enlarge this conformal structure to an iV = 2 structure 
as follows. Let A be an endormorphism of W satisfying: 

(3.2) {Aa,a') = -ia,Aa'), = Id, 

where Id is the identity operator in W . We can construct then an even super-field 
of V^^^"^, primary of conformal weight 1, given by 

1 

(3.3) ^ 2 ^ {ai,Aa^) : a^a^ : . 
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Proposition 3.1. 

(1) The superfields G and J generate the N ^ 2 conformal vertex algebra of 
central charge |r viewed as an Nk = 1 SUSY vertex algebra as in [HK07[ 
Ex. 5.10]. 

(2) The super vector space Vq^"'^ carries a conformal Nk ~ 2 SUSY vertex 
algebra structure of central charge |r, namely, the vector t = \/ ^^J(-i\i) |0) 
is an Nk — 2 conformal vector. 

Proof. (1) We already know that G is a Neveu-Schwarz super-field of central 
charge |r and that J is a primary super- field of conformal weight 1. In order 
to compute [J^ J] we first compute (here we sum over repeated indexes): 

therefore 

[Jj^ak] = ia,,Aa''){x + S)ai. 

It follows then: 

[^A^] = \{ak,Aa"'){m,Aa'') : ((x + 5)a,)a™ : - 
^{ak,Aa"'){a^,Aa,n) ■.ak{x + S)a^ : + 
(3.4) i(afc, Aa™)(a„ Aa'^) j\r^ - x)(a„ a")r,dr, 

= {ak,Aa"')[a,,Aa'') : ((x + S')ai)a" : -f ^(a^, Aa*)(a,, ^a'=)Ax, 
=: ((x + S)a,)a' : +^Ax = G + ^Ax. 

And according to [HK07[ Ex. 5.10] these are the commutation relations 
of the N ^ 2 super-vertex algebra (viewed as an Nk = 1 SUSY vertex 
algebra). 

(2) The superfields G and J allow us to construct a conformal Nk = 2 SUSY 
vertex algebra structure (see |HK07[ Def. 5.6]) on the space Vq^" as 
follows. We define the operators 

5'"'" = G(o|i) 7 -S"^ = «/(o|o)j 

and it follows from the first part of the proposition that these operators 
satisfy: 

[S\S^]=2S,,T. 

With these operators now we can construct superfields for each a E Vq "^^"^ 
as 

Y{a, z, e\9^) ^ Y{a, z) + e^Y{S^a, z) + e^Y{S^a, z) + e^e^Y{a, z), 

where Y{a, z) is the usual field associated to a when we view Vq as an 
"ordinary" vertex algebra. Defining the vector t G Vq '"^'^ as 

r = \/^J(_i|i)|0), 

we obtain easily now that this vector satisfies the properties of |HK07|, Def. 
5.6], namely, it is an Nk = 2 conformal vector. 

□ 
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Definition 3.2. Let V be an Nk = 1 conformal SUSY vertex algebra of central 
charge c. A little N = A conformal structure of central charge c on V consist of 
three superfields {J*,i = 1,2,3}, such that each pair {G, J'} defines an Nk = 2 
conformal structure of central charge c on 1/ as in Prop. 13.11 (2) and moreover, the 
fields {G, J*}, i = 1,2,3, satisfy the commutation relations of the = 4 vertex 
algebra of central charge c as in jHK07( Ex 5.10]. 

We obtain easily then: 

Proposition 3.3. Let A'-, i = 1,2,3, be endomorphisms ofW satisfying Vj. ^)) and 
in addition 

where e is the totally antisymmetric tensor. Define the superfields J*, i = 1,2,3 by 
h3. Sl\) with A replaced by A^ . Then the superfields G, J% i = 1, . . . , 3 define a little 
N = A conformal structure of central charge c = on V^^^"^. 

Example 3.4. It follows from the computation in Example 12.51 that when {a, (3) = 
— 1 and a + /3 7^ we have 

(3.5) pQAr^] = e(a, (3) (: aVa+p ■ +X^a+p) ■ 

Suppose now that (a, a) — 2, then we see from ()2.14|) that we have (we put 

e{a,-a) = 1): 

(3.6) 

[r„(z),r_„(w^)] = -{d'^'s{z,w))To^^_^{z,w) 

= -{Df5{Z, W))T^,^^{Z, W) 

= -Df{5{Z, iy)r,,_,(Z, W)) - {dJ{Z, W))DzT^,^^{Z, W) + 

+ {DzS{z, w)) a.r,,_„(z, w) - s{z, w)Dfv^^^^{z, w) 

= -Df{6{Z, M^)r,,_,(Z, W)) - dMZ. W)DzT^,.^{Z, W)) + 
+ 5{Z, W)DfT^^^^{Z, W) + Dz{5{Z, W)d,T^,^^{Z, W)) 

= -Df{5{Z, W)T^,.^{W, W)) - dMZ, W)DzT^,.^{Z, W)\z=w)+ 
+ 5{Z, W)DfT^^^^{Z, W)\z=w + Dz{5{Z, M^)5,r,,_„(Z, W)\z=w) 

= -{Df5{Z, W))T^,_^{W, W) - {dJ{Z, W))DzT^^.^{Z, W)\z=w + 
+ 5{Z, W)DfT^^^^{Z, W)\z=w + {DzS{Z, W))d,r^^^^{Z, W)\z=w 

= -{Dll'S{Z, W))r^^.,,{W,W) + idu,SiZ, W))DzT^,^^{Z, W)\z=w+ 

{Z,W)\z=w ~ {DwS{Z,W))d, {Z, W)\z=w- 

Note that 

Dzra,AZ,W)\z=w =: aiW)T^+[3iW) :, 
d,r^^f3iZ,W)\z=w =: {DwaiW))T^+f,iW) : - : aiW) : aiW)T^+[3iW) :: 

DfVaAZ, W)\z=w =: d.u,a{W)Tc,+p{W) : + 

+ : a{W) : {Dwa{W))r^+p{W) :: - 
: a(W) : a(W) : a{W)ra+piW) ::: . 
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We obtain that for (a, a) = 2 we have: 

(3.7) [rQ^r.a] = Ta+ : aSa : +xSa + \a + Ax, 

where we have used the fact that : aa := 0. 

Expanding the fields r±a(Z) = e±(z) + eiP^{z) and a{Z) = ij°{z) + 0h{z), we 
find the commutation relations (cf. Appendix |^ : 
(3.8) 

e-] = h + X, [e^A^^] = - : T>^^°, 



e • 



[ij+^ip^] = -Th- ■.hh: + : ^Ij°Ti{j° : ~2Xh - A^, [hxe^] ±2e±, 

[/iA^±] = ±27/^^, =±2e±, 

[V'°Ae±] = 0, [h^h] = 2A, 

[V'°aV'°] = 2, [/lA^"] - 0. 

With respect to the natural conformal structure defined above, the field has 
conformal weight f/2, the fields h,e^ have conformal weight 1 and generate the 
current 5(2 algebra at level 1, commuting with the fermion ip^ , and the fields ip^ 
have conformal weight 3/2. 

In order to remove the quadratic terms in the lambda-brackets we follow |KW041 
sec. 8.5] and define the fields: 

(3.9) G° = --i= :V'°/i:, L = ^ : hh : : i;°Ti;" 

It follows that these fields satisfy the commutation relations of the = 3 super 
vertex algebra as defined in jKW041 sec. 8.5], the central charge is c = 3/2 and 
corresponds (in the example of |KW04| ) to the Hamiltonian reduction of osp{3\2) 
at level k = —3/4. This is computed explicitly in Appendix [Xl 

Example 3.5. Consider the rank 2 lattice generated by vectors such that 
{a'^^a'^) ~ ±1 and (a''=,Q;^) = 0. We define e following [Kac96[ 5.5] 

e(a''^, a^) = ±1, e(a^, a^) = ±1, 

and extend by bimultiplicativity to Q. 

We have the operators rj-^i satisfying the commutation relations 

[r±a+Ar±Q+] = 0, [rQ,+Ar-a+] = «+ + x, 
[r±a-Ar^Q^-] = 0, [r^-^r^,-] = - {x + t:^] ^2a-- 



Example 3.6. In this example we let W be the Cartan algebra of sl(2|I) with its 
non-degenerate pairing. Namely, we will consider the rank 2 lattice generated by 
two elements a and /?, and the bilinear form is such that {a, a) = {f3,f3) = and 
{a,P) = {(3, a) = —I. We let e{a,(3) — — e(/3, a) ~ 1. We have the corresponding 
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vertex operators T±a and r±/3 which are even, as weh as the operator Ta+p which 
is also even. They satisfy the commutation relations: 

Note that Ta+p does not commute with itself. Indeed, it satisfies 

[Ta+pjJ'a+ij] = {TS + xT + \S + 2Ax)) T2(a+i3)- ■■ (a + /?)rr2(„+/3) : . 



4. Representation Theory 

The representation theory of SUSY lattice vertex algebras parallels the non- 
SUSY case, here we sketch a guideline: 

• The definition of a module over a SUSY VA is verbatim the definition in 
the usual case, namely a super vector space M together with an association 
to any vector a gV, a superfield Y^^{a,Z) with values in End(M). Such 
that to the vacuum vector we associate the identity in M and that (j| J)- 
th products are preserved. The notion of positive energy follows through, 
namely if the SUSY VA V is conformal, we require the operator to act 
diagonally, with eigenvalues bounded below, and with finite dimensional 
eigenspaces. 

• For a lattice Q and its dual Q*, we construct a C£[(5]-module C£*[(5*] in 
the usual way, by defining 

e*{a, fj. + (3) = e{a, f3), a, P e Q, f-i e Q* . 

• We can construct then a Vq '""^-module M as follows: as a vector space 
we declare M = V^{W) (^c Cg* [Q*]- The operators h^n^^ act, in the usual 
way, on the first factor for {n\j) ^ (0|0) and 

/i(*o|o)(s®e^) = (/i, A)s(g)e^, X e Q* . 

The vertex operators T^\Z) are defined as in (|2.7p . where e" acts on 
Ce* [Q*] and the operators Q!(n|j) are replaced by the corresponding op- 
erators ctfn\j) (recall also that o?a = 0). 

• As in the usual case, M decomposes as a sum of irreducible modules 

The proof of irreducibility reduces to analizing the action of ft^|*d|o)' namely, 
if u = ^ Si ® e^* with pairwise distinct , belongs to a non-zero V^+q sub- 
module we act diagonally by ^|^o|g) and since the Vandcrmonde matrix 

is invcrtiblc, we see that each ® e^* G Now y^(W^) is irreducible (re- 
call it is the usual boson-fcrmion system) therefore |0) (EjC^' € . Applying 
we obtain that (|0) ® 6^+*^) G for aU /? G Q, and these generate 

• As a corollary, Vq''"^'^ is simple. Given the examples above we see that 
Vj"'^''' where Z is generated by a with (a, a) = to is the (irrcd. quotient of 
the) super affine algebra for 5(2 at level 2 when to = 1, and it is the (irrcd. 
quotient of the) iV = 3 super vertex algebra at central charge 3/2 when 
TO = 2. 
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• Comparing the action of ft-(*o|o) ^® ^^^^ modules V^+g^"^ are iion- 
isomorphic, and if Q is a positive lattice we see that they are positive 
energy modules. 

• The proof that Vq is rational and that irreducible representations are 
parametrized by Q* /Q now follows exactly like in the non-SUSY case. 

4.1. Character formulas. Now let Q be an even, integral lattice. For a coset 
A e Q* /Q, let Vx be the corresponding module over V^'^'''^. If Q is of rank 1 then 
V\ has for basis monomials of the form: 

(4.1) Q!(_j„|o) • . .Q;(_ji|o)a(-fc„-i/2|i) • ■ ■ a(^-ki-i/2\i)\0) <»\j >, "f E X + Q 

where 1 < ii < • • • < jm are integers, and 1/2 < ki < ■ ■ ■ < are half-integers. 
The general case is similar by fixing a basis {a*} for W. Let r be a coordinate of 
the upper half plane, q = e^'^*'^, let us assume that z G W, and let u be a complex 
parameter. We define the full character of a module M over v^^^"^ to be 

(4.2) XAf (r, z, u) = e2-"trMe2^*^<°i«)(?^"-^/24, 

where Lq^ is the energy operator (recall that V^'^'''^ is a conformal Nk = 1 SUSY 
vertex algebra) and c = ^ is the central charge. Similarly, we define the superchar- 
acter of M replacing the trace by the supertrace in (|4.2p . Let p{j) be the number 
of partitions of the integer j without repeated odd parts. Similarly, let sp(j) be 
the number of partitions of the integer j, without repeated odd parts and an even 
number of odd parts, minus the number of such partitions with odd number of odd 
parts. It is easy to show that the generating functions for p(j) and sp{j) are given 

by 

j=i i=i ^ ^ ' 

j=i j=i ^ ^ ' 

Using this, we see that the characters x\ and the supercharacters Xx corresponding 
to Va, a G Q* IQ are described by: 

Xa(^,^,")= (^^)'e?(r,z,^.), 
where 0^ are the classical 9 functions defined as 

and /^(t) is the Dcdckind eta function: 
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Recall that these functions satisfy the following modular transformation properties 
(we omit the superscript Q where no confusion can arise): 

^ ^ ''' ^ X'eQ'/Q 

eA(r+l,z,?/)-e*^(^'^)eA(r,z,H), 



and 



We note also: 



{-^ = (-^r)l/2^(T), 77(t + 1) = e"'/i2^(T) 



7] 



XX , -,u 



2 2 J ^(2r)77(r/2) 
It follows that the characters (|4.3p satisfy: 

A'GQVQ 

Xa(t + 1, z, = e-*(^'^)--*'^/\^(r, z, zi) 

X^(t + 1, z, u) = e^'^^''^'>-^^^/'\x{T, z, u). 

To analyse the action of 5* = (r i-^ ^^/t) £ SL{2,'£) on the supercharacters, we 
need to consider the Ramond sector for each of the modules V\. For this consider 
the the automorphism a of V^^*"^ given For each module Va, 

let us call the corresponding a- twisted module . If r = 1, the bases for these 
modules are of the form: 

(4.4) a_j„jo ■ • ■"-ii|oa-fc„|i • ■ -"-fcililO) «> |7 >, 7 G A + Q, 

where 1 < < • • • < Jm and < fci < • • • < are integers (note that we 
supressed the parenthesis in the subscripts of the creation operators since these are 
twisted fields). For lattices of general rank, the basis is computed similarly. The 
monomial in (|4.4p has parity (—1)". To compute the energy, first we note that 
for a free fermion system generated by odd fields ['0a'0'] — ('0jV'')i consider the 
corresponding twisted fields 

with commutation relations 

[V':^,v'r] = (V'>')^™.-n- 

We have the twisted Virasoro L'^(z) = 5 : K{z)h'{z) : -i : jPi{z)d,^'{z) :'^, 
where {ipi} and {V'*} are dual bases of W and similarly {hi} and {h^} are dual 
bases of 11 W. It is easy to show that this is equal to: 



= \T.-- h^izWiz) : ^ ^riz)d.r'^{z) : -^z 

i=l 1=1 



-2 



^Notc that (T is a vertex algebra automorphism but it is not a SUSY vertex algebra 
automorphism. 
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It follows that the monomial (|4.4p has energy: 

r , (7,7) 



16 ■ 2 ■ E'^^ + E-?- 

1=1 i=l 

The general even integral lattice case is calculated similarly. It follows that the 
characters of these modules (clearly the supercharacters vanish), are given by (we 
specialize the Q function to z = m = 0): 

xTir) = 2'^^e.(r), 

the factor 2^ appears since all the creation operators ao\i preserve the energy. We 
obtain therefore 

\'eQ'/Q 

Finally we find 

xT(.r + l) = e-^^^''^xT{r), 
and therefore we arrive to the main theorem of this section: 

Theorem 4.1. For each X e Q*/Q, the linear span of the characters XxiT), su- 
percharacters Xxi''') o.'^d twisted characters x^xij) is invariant under the action of 
S'i(2,Z). They satisfy: 

XA(r + l)=e"(^'^)--''-/\i(r), 
X^(r + l)=e-(^-^'-™-/i2^^(^)^ 

and 

Xx{-^^=\Q*IQr" E ^-'"^'''''xv(r), 



Xa(-7) = ^^§^ E e--^^'^''xi'(r). 



5. Vq''" as a vertex algebra 

From the character formulas above, we guess that these SUSY lattice vertex 
algebras are just tensor products of the usual (non-SUSY) lattice vertex algebras 
and free fermions. To study this phenomena, recall that given a SUSY vertex 
algebra V, we can view V as a vertex algebra by putting = in all superfields. In 
particular, the SUSY vertex algebra associated to an integral lattice Q is generated 
(as a usual vertex algebra) by the fermions h{z) = h{z,0), the bosons h{z) = 
lsh){z,0) for heW, and the fields T^iz) = Taiz^O) and fa(z) = (ST„)(z,0), for 
a G Q. Note first that putting = in (|2.8p we obtain the usual expression for 
the vertex operator Ta{z) (see for example |Kac96[ (5.5.9)]). Putting 6* = in the 
identity 

we obtain that 



(5.1) 



Ta{z) =: h{z)Taiz) 
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In particular, if we let Vq be the vertex algebra (as opposed to SUSY) associated 
to the integral lattice Q and F{W) be the free fermions generated by odd fields h, 
h £W satisfying 

[h^h']^ih, h'), 

we can construct a surjcctive morphism Vq®F{W) Vq Indeed this morphism 
maps h^Vq^he Vq^"', h e F{W) ^he VqP" and r„ e Vq i-^ r„ e Vq^"'. 
To check that this morphism preserves lambda brackets we see that in Vq'''"^: 
[hxh'] ^ {h,h')X and [hxh'] = {h,h') which follow from Finally, it follows 

from ()2.3p that in Vq'''''^: [/iaTq] = 0. To check surjectivity, we only need to show 
that the generators of V^^'^'^ lie in the image of this morphism. But wc already 
know that h, h and Fq are in the image. It follows from (|5.1|) that F^ is in the 
image of this morphism. Since both algebras are simple, we obtain an isomorphism 

Vq ® FiW) ~ v™p'=^ 

As a corolary we see that V2 (5(2, super) is isomorphic the tensor product of two 
charged fermions and one free fermion, and similarly we find that the simple = 3 
super vertex algebra at central charge c = 3/2 is isomorphic to the tensor product 
of the simple current algebra Vi(s[2) with a free fermion. 

Remark 5.1. In particular we sec that the simple Vc{N = 3) super vertex algebra, 
at central charge c = 3/2 is a rational (even semisimplc) vertex algebra. To the 
authors knowledge, this is the only known instance of c for which Vc{N = 3) is 
rational and the list of all of its modules and corresponding characters is known. 

Wc note also that taking the centralizer of the fermion $ in the N = 3 vertex 
algebra, we find that the (irred. quotient of the) quantum Hamiltonian reduction 
of the super Lie algebra osp(3|2) as in |KW04[ Sec. 8.5] for fc = —3/4 is just the 
simple vertex algebra Vi (5 [2 ) . 

Appendix A. A^ = 3 vertex algebra at central charge c = 3/2 

In this section wc compute explicitly the lambda-brackets obtained in Example 
13.41 As a SUSY lattice vertex algebra, this is V^"'^''' where Z is generated by a 
with {a, a) = 2. We expand the fields F±a(Z) = e^{z) + Oip^iz) and a{Z) = 
ijj^iz) + 9h{z). It follows from ((231) that 

[V'°(z) + eh{z), e^iw) + CiJ^iz)] = ±2{e - QS{z, w)ie^iw) + c^^H). 

Collecting the terms with 9, ( and we see that this implies: 

[i}°{z),e'^{w)] = 0, [h{z),ij'^{w)] = ±25{z, w)V'=^(u;), 

^^'^^^ [^°(z), V=^(w)] = ±2S{z, w)e'^{w), [/i(z), e=^(w)] = ±25{z, w)e^{w). 

Similarly, it follows from [oaq:] = 2x that 

[^°{z) + 9h{z), V'°H + C,h{w)] ^ 25{z, w) + 29Cd^5{z, w), 

and collecting terms wc obtain: 
(A.lb) 

[^°(z), i;\w)] = 2(5(z, w), [i^\z),h{'w)\ = 0, Hz), h{w)\ = 2d^6{z, w). 
Note also that from [F±Qy^F±Q,] = it follows 
(A.lc) [e±(z),e±M] = 0, [^^{z),^^{w)] = 0. 
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Finally, we obtain from (j3.7|) 

[e+(z)+0V+(^),e-H+C^-(w)] = {e-C)6{z,w){d^,i^"iw)+Chiw))+ : i;°{w)h{w) 
+ C : h{w)hiw) : -C : V°H5»^°(w')) + 

+ is{z, w) + ecd^s{z, w)){hiw) + ca„v°(w^))+ 

+ {9 - C)d^5iz,w)ii;''iw) + CHw)) + id^Siz,w)+0CdlS{z,w)), 
and collecting terms as before: 

[e^(z), e~{w)] = S{z, w)h{w) + dwS{z, w), 

[^P+iz),e-{w)] = S{z,w)(^d^^P°iw)+ : ^p\w)h{w) :) + (5,„<5(z, u;))^°H, 
(A.ld) [e+(z),7/;-(u))] ^-5{z,w) :i^°{w)h{w) : ~ {d,,5{z,w)) i^°{w), 

[ip+{z),ij-{w)] = -(5(z,w) {d^h{w)+ : h{w)h{w) : - : i'°{w)dn,i^°{w) :) 
— {dwS{z, w))h{w) — {dioS{z, w j)h{w) — d'^6{z, w). 



Equations (jA.ip easily imply equations ([37 

Define now the fields G'°,G='=, L, J°, 7=*= and $ as in ()3.9p . First we note that 
1/ is the Virasoro field of central charge 3/2 given by the conformal structure (|3.f p . 
and we know already that the field <& is primary of conformal weight 1/2, the fields 
J°, are primary of conformal weight 1, and the fields G^, are primary of 
conformal weight 3/2. 

It follows immediately from (|3. 



[J°,J±]=±2J±, [A J"] 



(A.2a) IJ^\G' 



[G+^G° 



1 



(A.2b) 



[G+^G-] = Z + i(r 



We have also: 



(A.2c) [J\G'] = [hx-^ 



= 2A, 




[^+A^-] 


= J" + A 


= G" + 


A<I>, 


[G±,G±] 




^k- 




[G-A*] 




2A) J" 4 


A2 
4 ■ 






-2A^ 


^0 = 


-2A$, 





and similarly 



(A.2d) [<i>,G"] = : ^°/. :] = -h = 
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On the other hand 



-i 1 2 : e+h : +2 : : +2 J [e+ ^h]dfi 





(A.2e) ^-\{:e-h: + :i.o^-:-2Xe-) 

= he+ : + : V'>+ : -2(T + A)e+) 

= i(T + 2A)J+-l:^V: 
-i(T + 2A)J+, 

where we have used quasi-commutativity in the 4th hue and the fact that : he~^ := 
Te^ and : 'ij/^ip^ := m the last hne. Both identities foUow from SVa ='■ oiVi^ 
and : aa := 0. Indeed 



: aa := — : aa : 



.0 

- / [aAa]dA = — : aa :, 



and therefore we obtain by quasi-associativity 

: aSTa a : aVa ::=:: aa : := 0. 

It foUows now 

5,e+(z) + ed,^+{z) = TT^{Z) - S''T^{Z) = S : a{Z)T^{Z) := 

= : {Sa){Z)V^{Z) ;i(z)e+(z) : +e(-. (9,7/;"(z))e+(z) : + : h{z)^+{z) :) , 

from where Te+ =: /ie+ :. Wc also have 

=: a{Z)SV,,{Z) :=: : +^^(: : - : Tp'^{z)d,e+ {z) :), 

from where : ijj'^Tp'^ := 0. 
In a similar fashion: 



1 

4 

1 



(A.2f) 



^ ^ 2 : e"/i : -2 : VV" : +2 ^ [e"^/i]rfM 



= (: he^ : +2Te^ + 2\e 
= -\{T + 2\)J-. 



20 



REIMUNDO HELUANI AND VICTOR G. KAC 



We need to compute [G^ -^G^], for this we compute first [ip^ x ■ 
[h^ : ip'^h :] = 2Xip'^, from where 



h :] = 2h and 



(A.2g) 




2 : hh 



2 : ^/'0(A + T)V'" : +2 / [h^h]dfi 







) 



and according to |KW04[ pp. 41] equations (|A.2[) are the commutation relations 
for the generators of the = 3 super vertex algebra at central charge c = 3/2. 
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